We calculate the self-similar longitudinal velocity correlation function, the energy spectrum and the corresponding other properties using the results of the Lyapunov analysis of the isotropic homogeneous turbulence just presented by the author in a previous work [1] . The correlation functions correspond to steady-state solutions of the evolution equation under the self-similarity hypothesis introduced by von Kármán. These solutions are numerically calculated and the results adequately describe several properties of the isotropic turbulence.
I. ANALYSIS
A recent work of the author, which deals with the Lyapunov analysis of the isotropic turbulence [1] , suggests a mechanism for the transferring of the kinetic energy between the length scales which is based on the Landau hypothesis about the bifurcations of the fluid kinematic equations [2] . The analysis expresses the velocity fluctuation through the Lyapunov theory and leads to the closure of the von Kármán-Howarth equation which gives the longitudinal velocity correlation function for two points [3] , i.e. 
where K(r), related to the triple velocity correlation function, realizes the closure of the Eq.
(1) through the following relation [1] 
and u is the standard deviation of the longitudinal velocity u r , which satisfies [3, 4] 
The skewness of ∆u r can be expressed as [4] H 3 (r) = (∆u r )
3
(∆u r ) 2 3/2 = 6k(r) (2(1 − f (r)))
where, k(r) is the longitudinal triple velocity correlation function, related to K(r) through [4] K(r) = u
As the result, the skewness of ∂u r /∂r is a constant which does not depend on the Reynolds number, whose value is H 3 (0) = −3/7 [1] . The other dimensionless statistical moments are consequentely determined, taking into account that the longitudinal velocity difference can be expressed as [1] ∆u r (∆u
Equation (6) arises from statistical considerations about the Navier-Stokes equations and expresses the internal structure of the isotropic turbulence, where ξ, η and ζ are independent centered random variables which exhibit the gaussian distribution functions p(ξ), p(η) and p(ζ) whose standard deviation is equal to the unity, and ψ is [1] ψ(r, R) = R 15 √ 15ψ (r, R)
The quantity R = uλ T /ν is the Taylor-scale Reynolds number, where λ T = u/ (∂u r /∂r) 2 is the Taylor-scale, whereas the functionψ(r, R) is determined as H 3 (r) is known. The parameter χ is also a function of R which is given by [1] 8ψ
with ψ 0 = ψ(R, 0) andψ 0 = 1.075 [1] . From Eqs. (6) and (7), all the absolute values of the dimensionless moments of ∆u r of order greater than 3 rise with R, indicating that the intermittency increases with the Reynolds number.
The PDF of ∆u r can be formally expressed with the Frobenious-Perron equation
where δ is the Dirac delta, whereas the spectrums E(κ) and T (κ) are calculated as the Fourier Transforms of f and K [4] , respectively, i.e.
sin κr κr − cos κr dr (10)
II. SELF-SIMILARITY
In this section the properties of the self-similar solutions of the von Kármán-Howarth equation are studied.
Far from the initial condition, it is reasonable that the mechanism of the cascade of energy and the effects of the viscosity act keeping f and E(κ) similar in the time. This is the idea of self-preserving correlation function and turbulence spectrum which was originally introduced by von Kármán (see ref. [5] and reference therein).
In order to analyse this self-similarity, it is convenient to express f in terms of the dimensionless variablesr = r/λ T andt = tu/λ T , i.e., f = f (t,r). As the result, Eq. (1) reads as follows ∂f ∂t
where ∂ 2 f /∂r 2 (0) ≡ −1. This is a non-linear partial differential equation whose coefficients vary in time according to the rate of kinetic energy
If the the self-similarity is assumed, all the coefficients of Eq. (11) must not vary with the time [3, 5] , thus one obtains
As the consequence of Eqs. (12) and (13), λ T and u will depend upon the time according to
From these expressions, the corresponding values of a 1 and a 2 are
The coefficient a 1 decreases with the time and for t → ∞, a 1 → 0, whereas a 2 remains constant. Therefore, for t → ∞, one obtains the self-similar correlation function f (r), which does not depend on the initial condition and that obeys to the following non-linear ordinary differential equation
The first term of Eq. (18) represents the variations in time of f which does not influence the mechanism of energy cascade. This term is negligible with respect to the second one only ifr << R, and is responsible for the asymptotic behavior of f which is expressed by
This behavior determines that all the integral scales of f diverge and that f does not admit Fourier transform, thus the corresponding energy spectrum is not defined.
According to von Kármán [3, 5] , we search the self-similar solutions over the whole range of r, with the exception of the dimensionless distances whose order magnitude exceed R. This corresponds to assume the self-similarity for all the frequencies of the energy spectrum, but for the lowest ones [3, 5] . As the result, the first term of Eq. (18) can be neglected with respect to the second one, and the equation for f reads as follows
The analysis of Eq. (19) shows that f ≃ 1 −r 2 /2 + (10 + R)/112r 4 in the vicinity of the origin and that f − 1 ≈r 2/3 when the first term of Eq. (19) is about constant, whereas for larger, f exponentially decreases. Thus, all the integral scales of f are finite quantities and the energy spectrum is a definite quantity whose integral over the Fourier space gives the turbulent kinetic energy.
III. RESULTS AND DISCUSSION
In this section we calculate the solutions of Eq. (19) and study the corresponding properties of the self-similar solutions. To determine f and its energy spectrum, consider the following initial condition problem with respect to the dimensionless separation distancer
This ordinary differential system arises from Eq. (19) and its initial condition is f (0) = 1, analyzed correspond to R=100, 200, 300, 400, 500 and 600. The fixed step size of the integrator scheme is selected on the basis of the asymptotic stability condition ∆r = √ 2/R [6] , which also provides a fairly accurate description of the energy spectrum at the large Due to the mechanism of energy cascade, the tail of f rises with R and the maximum of |k| gives the entity of this mechanism. This value is slightly less than 0.05 and agrees quite well with the numerous data of the literature which concern the evolution of the correlation functions. It is apparent that the spatial variations of k correspond to dimensionless scaleŝ r whose size increases with R. Figures 3 and 4 show the plots of E(κ) and T (κ) for the same Reynolds numbers. As the consequence of the mathematical properties of f , the energy spectrum behaves like
in proximity of the origin, and after a maximum is about parallel to the −5/3 Kolmogorov law (dashed line in Fig. 3 ) in a given interval of the wave-numbers. This interval defines the inertial range of Kolmogorov, and its size increases with R. For higher wave-numbers the energy spectrum rapidly decreases with a slope which depends on the behavior of f in proximity of the origin and thus on the Reynolds number.
Since K does not modify the kinetic energy of the flow, according to Eq. (2), the integral of T (κ) over the Fourier wave-numbers results to be identically equal to zero at all the Reynolds numbers. not depend upon R, H 3 (r) is a rising function of R and, in any case, the intermittency of ∆u r increases with R according to Eqs. (6) and (7).
Next, the Kolmogorov function Q(r) and Kolmogorov constant C, are determined using the previous results. According to the theory, the Kolmogorov function, defined as
is constant with respect to r, and is equal to 4/5 as long as r/λ T = O(1). As shown in The spatial structure of ∆u r , expressed by Eq. (6), is also studied with the previous results.
According to the various works [8, 9, 10] , ∆u r behaves quite similarly to a multifractal system, where ∆u r obeys to a law of the kind ∆u r (r) ≈ r q in which q is a fluctuating exponent. This implies that the statistical moments of ∆u r (r) are expressed through different scaling exponents ζ(n) whose values depend on the moment order n, i.e.
(∆u r ) n (r) = Ar
In order to calculate these exponents, the statistical moments of ∆u r are first calculated using Eqs. (6) and (9) for several separation distances. Figure 8 shows the evolution of the statistical moments of ∆u r in terms ofr, in the case of R = 600. The scaling exponents of Eq. (23) are identified through a best fitting procedure, in the intervals (r 1 ,r 2 ), where the endpointsr 1 andr 2 have to be determined. The calculation of ζ(n) and A n is carried out through a minimum square method which, for each moment order, is applied to the following optimization problem (10) [7] . Dotted line is for Kolmogorov K62 data [8] . Continuous line is for She-Leveque data [9] where ( (∆u r ) n ) are calculated with Eqs. (6),r 1 is assumed to be equal to 0.1, whereaŝ r 2 is taken in such a way that ζ(3) = 1. The so obtained scaling exponents are shown in Table ( In particular:
• The energy spectrum follows the Kolmogorov law in a range of wave-numbers whose size increases with the Reynolds number.
• The Kolmogorov function exhibits a maximum and relatively small variations in prox-imity of r = O(λ T ). This maximum value rises with the Reynolds number and seems to tend toward the limit 4/5, prescribed by the Kolmogorov theory.
• The Kolmogorov constant moderately varies with the Reynolds number with an average value around to 1.95 when R varies from 100 to 600.
• The scaling exponents of the moments of velocity difference are calculated through a best fitting procedure in an opportune range of the separation distance. The values of these exponents are in good agreement with the results known from the literature.
• The intermittency of the longitudinal velocity difference rises with the Reynolds number.
These results represent a further test of the analysis presented in Ref. [1] which adequately describes many of the properties of the isotropic turbulence.
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